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Abstract 

Given a finite unbranched covering of a nonsingular projective scheme we analyse tfie 
morpliisni between moduli spaces of sheaves induced by puUback. We have a closer look at 
cyclic coverings and, in particular, at canonical coverings of surfaces. Our main applica- 
tion is the construction of Lagrangian subvarieties of certain irreducible holomorphically 
symplectic manifolds that arise from moduli spaces of sheaves on K3 or abelian surfaces. 

1 Introduction 

Is Gieseker stability preserved under pullback by a finite covering? How are the corresponding 
moduli spaces related? In this article, we exhibit the behaviour of stabihty under pullback by 
a finite unbranched covering of a nonsingular projective scheme. The roots of this question 
go back to Kim's article |Kim98j . which is on the canonical covering of an Enriques surface 
and ^-stable sheaves. 

Our main results hold not only for the notion of Gieseker stability, but also for twisted 
stability and for {H, ^)-stability. Therefore we will always write (semi) stable whenever the 
statement allows all three notions. These stability notions are recalled in Section [2.11 

For the whole article let X be a nonsingular projective irreducible variety over C, G a 
finite group acting freely on X, / : X — > y the quotient of X by G, and H an ample divisor 
on Y. In Section [2] we show that the pullback f*E of a semistable sheaf on y is again 
semistable (Proposition 12. 3p . After some more precise results on the behaviour of the stability 
property, we apply these results to moduli spaces: 

Theorem 12.81 Let P be a polynomial, My a quasiprojective and nonempty subscheme of 
the moduli space My{P) of semistable sheaves on Y with (twisted) Hilbert polynomial P, 
Mx = -/Vfx(deg/ • P) the moduli space of semistable sheaves on X with (twisted) Hilbert 
polynomial deg / • P, and My and the respective loci of stable sheaves. The pullback by f 
induces a morphism f* : My — )• Mx which maps closed points [E] to [f*E]. The closed points 
of its image are represented by polystable G-sheaves, and {f*)^^{M^) C My ■ 

The restriction to a cyclic covering given by a line bundle L of finite order in Section 
[3] allows a deeper analysis of the pullback morphism. The main tool is the group action 
on the moduli space of sheaves on Y induced by tensoring with L. This allows us to give a 
precise description of the locus of stable sheaves becoming strictly semistable in Theorem l3.14l 
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Section S] contains the application to canonical coverings of surfaces. We investigate the 
double covering X ^ y of an Enriques surface y by a K3 surface X as well as the canonical 
covering X — )■ y of a bielliptic surface Y by an abelian surface X. The main results are 
given in Theorems 14.51 and 14.61 An interesting question is in what cases there are Lagrangian 
subvarieties as images of /* inside the moduli spaces of semistable sheaves on X, and what 
kind of varieties these subvarieties are. If X is a K3 surface and f*u is primitive then the 
moduli space Mx{f*u) in general is an irreducible symplectic manifold, and whenever there is 
a suitable stable sheaf on Y , one gets a Lagrangian subvariety as described in Proposition 14. 71 
If X is an abelian surface, the situation is different: in order to produce higher dimensional 
irreducible symplectic manifolds out of moduli spaces of sheaves on X one has to get rid of 
superfluous factors in the Bogomolov decomposition by taking a fibre of the Albanese map. 
The last part of Section 14.31 explains how and why this reduction reduces the Lagrangian 
subvarieties to (smaller) Lagrangian subvarieties in the case of a double covering, resulting in 
Proposition 14.121 

The most prominent Lagrangian subvarieties of irreducible holomorphically symplectic 
manifolds occur as fibres or sections of Lagrangian fibrations. Recently, smooth Lagrangian 
tori have attracted a lot of interest, sparked by the following question of Beauville [BealOj : If 
an irreducible holomorphically symplectic manifold M contains a smooth Lagrangian torus, 
is this a fibre of a Lagrangian fibration on Ml This has been answered positively combining 
[(^LRllj . |HW12j . and [Mat 12] . 

It would be interesting to understand better, which kind of Lagrangian subvarieties can 
be obtained by Propositions 14.71 and 14.121 Some concrete results are contained in Section 
14.41 Unfortunately, our knowledge on moduli spaces of sheaves on Enriques and bielliptic 
surfaces is quite limited at the moment. However, we expect that complex tori do not occur 
as Lagrangian subvarieties in the case of sheaves of odd rank. In particular, they do not occur 
as image under pullback of the moduli space of sheaves of rank one on Enriques surfaces, i.e. in 
the Hilbert scheme explained in Section 14.41 The case of even rank seems to be more 

promising, as an example of Hauzer can be used to produce an elliptic curve as Lagrangian 
subvariety in a K3 surface, as explained in Section 14.41 as well. Hence there is hope that 
higher-dimensional examples of Lagrangian tori inside symplectic varieties may occur. 

On the other side, it is interesting in its own to construct different Lagrangian subvarieties 
and, in particular, to study their intersection. In [BF09J the authors construct a Gerstenhaber 
algebra structure and a compatible Batalin-Vilkovisky module structure giving rise to a de 
Rham type cohomology theory for Lagrangian intersections. 

Shortly after the first version of this article appeared on arXiv.org, an independent article 
by Sacca |Sacl2j on the case of one-dimensional sheaves on Enriques surfaces and the induced 
pullback by the canonical double covering appeared there as well. Her results are related to 
my Question 14.161 

Finally we give an outlook in Section [5] considering the case of surfaces of general type, 
and an appendix briefly recalls the notion of a general ample divisor which occurs in Sectional 
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articles and Hauzer's article and Manfred Lehn for very useful comments. Moreover, he thanks the 
DFG for the SFB 701, which provides a vibrant research atmosphere at Bielefeld. The final corrections 
were made during a stay at Imperial College London supported by a DFG research fellowship. 
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2 Fullback by finite etale coverings and stability 



In this section we recall the considered notions of stability of sheaves, analyse their behaviour 
under pullback by / and apply the results to get our general Theorem 12.81 on the moduli 
spaces of sheaves. We assume familiarity with the material presented in [HLlOj and use the 
notation therein. 



2.1 Three stability notions 

Our main results hold for the notions of Gieseker stability, twisted stability and {H, A)- 
stability. Twisted stability and {H, ^)-stability are two generalisations of Gieseker stability, 
with an overlap in the case of a surface, see [ZowlOl Corollary 6.2.6]. We briefly recall the 
definitions. 

1. Gieseker stability. A detailed treatment of this notion can be found e.g. in |HL101 
Section 1.2]. Let H be an ample divisor on Y and E a nontrivial coherent sheaf on 
Y. The Hilbert polynomial of E is PH{E){n) := x{E ® H®"^). Its leading coefficient 
multiplied by (dimii^)! is called multiplicity of E and denoted here by a^{E). It is 
always positive, and pH{E){n) := ^^^u^^-^ ^ is called reduced Hilbert polynomial of E. 
With these at hand, one says that E is //-(semi) stable if E is pure and for all nontrivial 
proper subsheaves F C E one has that ph{F) (<) pniF), i.e. pH{F){n) (<) pH{F){n) 
for n » 0. 

In order to avoid case differentiation for stable and semistable sheaves we here follow 
the Notation 1.2.5 in jHLlOj using bracketed inequality signs, e.g. an inequality with 
(<) for (semi) stable sheaves means that one has < for semistable sheaves and < for 
stable sheaves. 

2. Twisted stability as defined in | Yos03bl Definition 4-i]- Let H be an ample divisor on 
Y , V a locally free sheaf on Y and E a nontrivial coherent sheaf on Y. The 1/- twisted 
Hilbert polynomial is Pj^{E){n) := x{F (SiV ^ H®"^), and the reduced F-twisted Hilbert 
polynomial is 

PH{E){n) ■- 



a^(E^V) ■ 

One says that E is y- twisted i/-(semi)stable if E is pure and for all nontrivial proper 
subsheaves F E one has that pYi{F) {<)p^{F). 

3. [H, A) -stability as defined in fZowl^ Definition 7.1]. Let H and A be two ample 
divisors on Y and E a nontrivial coherent sheaf on Y. We defined 

®m ^ A(^n\ „„j „ rTP\ Ph,a{E) 



PH,A{F){m,n) := x{E ^^") and phAE) : 



a^{E) 



These are polynomials in m and n with degree d := diuiE in n and m and total degree 
d, and one has Ph,a{F){;0) = Ph{E) and pj/,^(^)(., 0) =ph{E). 

There is a natural ordering of polynomials in one variable given by the lexicographic 
ordering of their coefficients. This generalises to polynomials of two variables by the 
identification Q[m,n] = (Q[m])[n], i.e. we consider the elements as polynomials in n 
and use the ordering of Q[m] for comparing coefficients. 
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We introduce another ordering on Q[m, n] by defining 



f<0 9 :^ (/(•,0),-/) < (^(^O),-^) 

for f,g € Q[m, n], where on the right hand side we use lexicographic ordering on the 
product Q[m] x Q[m, n], i.e. / <o 5 if and only if /(•,0) < g{»,0) or /(•,0) = g{»,0) 
and f > g. Clearly one has / =0 5 if and only if f = g. 

We say that E is (H, A)-(semi)stable if it is pure and if for any proper nontrivial subsheaf 
F C E one has that ph,a{F) (<o) Ph,a{E) . 

The case of Gieseker stability can be regained by ^ = Oy from twisted stability or hy H = A 
from (H, A)-stability. We will always write (semi)stable whenever the statement allows all 
three notions. For twisted stability, we will always tacitly assume to have chosen a locally 
free sheaf V on Y, and for (H, j4)-stability to have chosen an additional ample divisor A on 
Y. 

If H and A are two ample divisors on Y and ^ is a locally free sheaf on Y, then the 
divisors f*H and f*A are ample divisors on X, and f*V is a locally free sheaf on X. Also 
for a sheaf on X, we will write (semi)stable instead of Gieseker /*i7-(semi)stable, f*V- 
twisted /*i?-(semi)stable or /*A)-(semi)stable. Moreover, we will denote the usual 

reduced Hilbert polynomial ph{E), the reduced twisted Hilbert polynomial Pjj{E) and 
the polynomial ph,a{E) by p{E), and analogously for a sheaf E' € Coh(X) one might insert 
Pf*H{E'), pjr,^{E') or pf*H J* a{E') according to the notion one is interested in. If we compare 
the polynomials of E and of a nontrivial subsheaf F C E, then e.g. p{F) < p{E) has to be 
understood as ph{F) < Ph{E), p^(-F) < Ph{F), and ph,a{F) <q ph,a{F) (!)> respectively. 
Whenever we need to be more precise, we use the more explicit notation. 



2.2 /* preserves pureness 

As pureness is part of the definition of stability, we need to check its preservation under 
pullback. 

Lemma 2.1. Let E he a coherent sheaf on Y . E is pure if and only if f*E is pure. 

Proof. For a coherent sheaf EonY the authors of [HL10| define in Definition 1.1.7 the dual 
sheaf of E to be E^ := £xt'^{E, Ky), where Ky is the canonical bundle and c := dim y— dim £^ 
is the codimension of the sheaf E. This dualisation commutes with pullback: By |Gro61] 
(13.3.5) there is a canonical isomorphism 

f*8xt'^{E,Ky)^£xt\{f*EJ*Ky) . 

By |BHPV04l Section 1.16] one has f*Ky = Kx, thus f*{E^) = {f*E)^. 

Now let E be pure. Then by |HL10l Lemma 1.1.10] the natural homomorphism 9e'- E ^ 
E^^ is injective. As /* is exact, f*{OE) ■ f*E — ^ f*(E^^) is injective as well. Using the iso- 
morphism f*[E^^) = [f*E)^^ from above one gets the injectivity of the natural morphism 
Of^E- f*E {f*E)^^, hence f*E is pure. 

Conversely, let E be not pure. Then the natural homomorphism 6e' E ^ E^^ has a 
nontrivial kernel. The exactness of /* gives a nontrivial kernel of 6f*E- f*E — )■ {f*E)^^, 
hence f*E is not pure. □ 
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2.3 /* and (semi) stability 

Let H be an ample divisor on Y and E a coherent sheaf on Y. In order to exhibit stabiUty 
under pullback, we need the behaviour of the reduced Hilbert polynomial under pullback. 

Lemma 2.2. p{f*E) = p{E) . 

Proof. By jMumTO l §12 Theorem 2] one has = deg/ x{E)- Thus on the one hand 

one has pjr^,^{f*E) = p^{E), and on the other hand, one has pf*Hj*A{f*E) = ph,a{E). □ 

Proposition 2.3. f*E is semistable if and only if E is semistable. If f*E is stable, then E 
is stable. More precisely, 

1. f*E is f* H -semistable if and only if E is H -semistable. If f*E is f*H-stable, then E 
is H-stable. 

2. f*E is f*V-twisted f* H -semistable if and only if E is V-twisted H -semistable. If f*E 
is f*V -twisted f*II-stable, then E is V-twisted H-stable. 

3. f*E is {f*H, f* A) -semistable if and only if E is {H, A) -semistable. If f*E is {f*H, f*A)- 
stable, then E is {H, A) -stable. 

Proof. The pureness condition is given by Lemma 12. 1[ Let f*E be (semi)stable, and let 
i*" C £" be a nontrivial proper subsheaf. Then f*F C f*E is a nontrivial proper subsheaf, 
hence by (semi) stability one has p{f*F) (<) p{f*E) . Lemma [2^2] vields p{F) (<) p{E) , thus 
E is (semi)stable. 

In order to prove the other direction, let E be semistable and assume that f*E is not 
semistable. Let F C f*E be a maximal destabilising subsheaf, i.e. F C f*E is the first 
part of the Harder-Narasimhan filtration with respect to the considered semistability notion. 
f*E is a G-sheaf in the sense of |Mum70| §7]. As F is maximal, it is also G-invariant and 
thus a G-subsheaf of f*E. By [MumTni §7 Proposition 2] one has F ^ f* {{f^Ff) and 
{f^f*E)^ = E. In particular, {f^:F)^ is isomorphic to a subsheaf of E. The semistability 
of E yields p{{f*F)^) < p{E) , and Lemma [2^2] then p{F) < p{f*E) , which contradicts the 
assumption. Thus f*E is semistable. □ 

Clearly, if E is strictly semistable, i.e. semistable but not stable, then f*E is strictly semi- 
stable. The converse does not hold for stability: If E is stable then f*E need not be stable. 
The following lemma and proposition should be well-known at least for Gieseker stability. 

Lemma 2.4. Let E be semistable, and Fi and F2 two destabilising subsheaves with FiriF2 7^ 0. 
Thenp{Fi + F2) =p{E). 

Moreover, if Fi is stable, then Fi D F2 = Fi and Fi + F2 = F2. If F2 is stable as well, 
then Fi = F2. 

Proof. As Fi and F2 are destabilising subsheaves, one has p{Fi) = p{E) = p{F2). In par- 
ticular, Fi and F2 are both semistable, as well as -Fi (B F2. Hence one gets the inequality 
chain p{Fi F2) < p{Fi + F2) < p{E), and together with p{E) = p{Fi © F2) one has equality 
everywhere. The exact sequence 

— ^ Fi n F2 — y Fi®F2 — >Fi + F2 — ^ 

yields p{Fi n F2) = p{Fi F2) = p{Fi) . If Fi is stable, then this imphes Fi f] F2 = Fi and 
Fi + F2 = F2. If F2 is stable as well, then F2 fl Fi = F2 as we just proved. □ 
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Proposition 2.5. Let E' he a semistable sheaf on X and {Fi)i^j a family of destabilising 
stable subsheaves of E' . Then there is a subset J such that E' D Yliei ~ ®i£J^i- 

In particular, if E' is a semistable G-sheaf and F C E' is a destabilising stable subsheaf, 
then one has E' ^ Ylgecd*-^ ~ ®g&G'9*F for a suitable subset G' C G. 

Proof. This follows from Lemma [2.4l bv induction. More precisely, let Fi^2 be two destabilising 
stable subsheaves of E' . Then either Fi n F2 = 0, i.e. Fi + F2 = Fi F2, or Fi n F2 / 
and thus Fi + F2 = F2 by Lemma 12.41 This also holds if F2 is not stable, which proves the 
inductive step. □ 

In the preceding Proposition 12.51 the pullbacks f*H, f*A and f*V, which are hidden in the 
notation, can be replaced by ample divisors H' and A' on X and a locally free sheaf V' on 
X, respectively. 

Proposition 2.6. // E is stable then f*E = ®g^G'9*P for a destabilising stable subsheaf 
F C f*E and a suitable subset G' C G. In particular, f*E is polystable. One has 

( \ 

Ext''(/*F,/*F) ^ Ext'=(F,rF) 

\heG' J 

for all k, and Hom(/*F,/*F) ^ dG'\-\G"\ ^ ^f^^^^ qh ._ [g ^ Q' \ g* F ^ F}. In particular, 
f*E is stable if and only if it is simple. 

Proof. Let E be stable. By Proposition l2.3l f*E is semistable. Let F C f*E be a destabilising 
stable subsheaf. Then by Proposition [23] /*F D F' := Y.geG9*^ = ®g£G'9*F with G' C G 
as in Proposition 12.51 As F' is a G-subsheaf, by |Mum70l §7 Proposition 2] the sheaf (/*F')'^ 
is isomorphic to a subsheaf of E, and one has F' = f*{{f*F')^). Applying Lemma [22] 
to p{F') = p{F) = p{f*E) yields p{{f*F')^) = p{E) . Due to the stability of F, one has 
{f^F')^ ^ F, hence F' = f*E. One has 

Ext'=(/*F,/*F) ^ Ext'' {g*F,h*F) 

g,h&G' 

^ Ext'=(5*F, h*g*F) ^ I Ext'=(F, h*F) J 
g,h£G' V/iSG' / 

for aU k. As Hom(F, h*F) = unless F = h*F, one has 

Hom(/*F, f*E) = f Hom(F, h*F)\ = f Hom(F, h*F)\ ^ dG'\-\G"\ 
\/iGG' / \heG" / 

In particular, if f*E is not stable, then ^ 1, i.e. f*E is not simple. Conversely, any stable 
sheaf is always simple. □ 

Corollary 2.7. If E is polystable then f*E is a polystable G-sheaf. 
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2.4 The pullback morphism 

We want to apply these results to moduli spaces of sheaves. We keep considering the three 
stability notions at once: 

1. Gieseker stability. The moduli space of Gieseker semistable sheaves with given Hilbert 
polynomial is standard by now. A detailed treatment can be found in |HL10] . 

2. Twisted stability. The moduli space of twisted semistable sheaves with given twisted 
Hilbert polynomial is constructed in jYos03bl Section 4]. 

3. (H, A) -stability. The moduli space of A)-semistable sheaves with given Hilbert 
polynomial is constructed in |Zowl21 Section 8]. 

Our main result in the general setting is the following: 

Theorem 2.8. Let P be a polynomial, My a quasiprojective and nonempty subscheme of 
the moduli space My{P) of semistable sheaves on Y with (twisted) Hilbert polynomial P, 
Mx = -/Vfx(deg/ • P) the moduli space of semistable sheaves on X with (twisted) Hilbert 
polynomial deg / • P, and My and the respective loci of stable sheaves. The pullback by f 
induces a morphism f* : My — >• Mx which maps closed points [E] to [f*E]. The closed points 
of its image are represented by polystable G-sheaves, and {f*)~^{M^) C My . 

Proof. Let F G Coh(y x S") be a flat family of semistable sheaves on Y with (twisted) Hilbert 
polynomial P, which is parametrised by a scheme S. Then (/ x idg)*^ G Coh(X x 5) is a flat 
family of semistable sheaves on X with (twisted) Hilbert polynomial deg / • P by Proposition 
12.31 Hence one has a natural transformation between the moduli functors, which induces a 
morphism /* : My — )■ Mx- If [E] is a closed point represented by a polystable sheaf E onY 
then f*E is a polystable G-sheaf by Corollarv l2.7[ The statement on the stable locus follows 
also from Proposition 12.31 □ 

For simplicity we restrict to simple cyclic coverings for the rest of this article. 

3 Cyclic coverings 

We keep all notations and assumptions as before. Additionally, for the whole section, let / 
be a cyclic covering given by a line bundle L on Y of finite order n, and let f be the order 
of ci(L). Moreover, let My C My{P) be a nonempty quasiprojective subscheme containing 
classes of sheaves of rank r and m| ^^^^ such that the morphism 99: My — ?> My induced by 
02^(Sim -g -^ygii-defined. We denote the stable locus by My. We are interested in the following 
particular examples: 

Example 3.1. 1. My = My{P) and m = 1. As the Hilbert polynomial of a sheaf is 
invariant under ®L, the morphism ip is well-defined. 

2. My is the subscheme of My{P) containing classes of sheaves with fixed determinant 
and m = — — r- 

gcd(n,r) 

3. My is the subscheme of My{P) containing classes of sheaves with fixed first Chern class 
and m = — 4^ — r . 

gca(u,r) 
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The following two Lemmas 13.21 and 13.31 ensure that ip is well-defined in the cases 2 and 3. 

Lemma 3.2. Let E he a coherent sheaf on Y . Then dei{E) = det{E L^) if and only if 

gcd{nrkE) \^ ' particular, the number of nonisomorphic sheaves of the form E ® with 
det{E) = det{E ® U) is equal to °^^e(L) gcd{n,rkE) ^ 

Proof One has det{E ^ U) ^ det{E) O U^^'^. Hence det{E (g> U) ^ det{E) if and only if 
^rkE.j ^ -g equivalent to n\rkE-j, i.e. g,d(n"rkj;) |i- 

The nonisomorphic sheaves of the form E ® U with det(ii^) = det(£' ® U) are (up to 

isomorphisms) precisely those with < j < ord£;(L) and j a multiple of gcd(n"rk£;) ' there 

are °'''^g(-^)g^^("-'''^-^) gucl^ choices. □ 

Analogously one proves the following: 

Lemma 3.3. Let E he a coherent sheaf on Y . Then ci{E) = ci{E L^) if and only if 
gcd(u,TkE) b ' particular, the number of nonisomorphic sheaves of the form E ^ L^ with 
ci{E) =ci{E(^ U) IS equal to "^'^e{L) gcd{u,AE) ^ 

Moreover, these two Lemmas 13.21 and 13.31 ensure that gcdj^i/ r) I gcd(n r) ' ^® equal determinants 
imply equal first Chern classes. 

3.1 The pullback morphism factorises 

The morphism between the moduli spaces induced by the pullback by / factorises as follows: 
Proposition 3.4. There is a commutative diagram 

My > MxinP) 





My/{^) 

with f*{My) = ■d{My / {if))- If we choose one of the Examples Vj.l\ then '&\M^/{ip) ^-^ injective. 

Proof. As the morphism /* : My — )■ Mx{nP) is (/3-invariant, it factors through the quotient 
morphism tt and yields the morphism -Q satisfying f* = {) o tt. f*(My) = 'd{My / (ip)) follows 
from the surjectivity of vr. By Lemma 13.51 below any preimage of [f*E] for E E Mp is 
isomorphic to E®L^ for some j with < j < Thus '&\m^/{lp) is injective in the Examples 
3.H using Lemmas 13.21 and 13.31 for the cases 2 and 3, respectively. □ 



If we choose Example 13. 11 2 and if gcd(n, r) = 1, then m = n, vr is an isomorphism, and /* 
is injective. 



M, 



Y 



Lemma 3.5. Let E and F he two stable sheaves on Y with f*E = f*F . Then there is a j 
such that F = E®LK 

Proof By Lemma EJl below one has f^f*E ^ ®']zIe ® U and /,/*F ^ e"=oF ® iJ . As 

we assume f*E ^ f*F, one has e"=oF ^ - f*!*^ - f*!*^ - ©i=o^ ® ■ Therefore 
Hom(e"Jo£; (g) L^, Q^ZqE L'') ^ 0^- fcHom(£; L^,F ® L^) is nonzero, i.e. for some j, k 
there is a nontrivial homomorphism E(^U F(^L^ which must be an isomorphism because 
E (8) L^ and F L^ are stable and have the same (twisted) Hilbert polynomial. This yields 
the isomorphism E ® L^~^ F. □ 
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Lemma 3.6. Let E be a coherent sheaf on Y. Then f^f*E = E®f^Ox = ©^=o^ ® ■ 

Proof. In [MumTOl §7] there is the statement that f*f*E = E f*Ox, but without any 
further comment. Hence we give a proof: Let E, ^ E he a locally free resolution. As the 
functors /*, /* and ^f^^Ox are exact, we get the commutative diagram 

> f*f*E^2 > > fJ*E > 

... > E^2 ® f*Ox > E^i (g) f^Ox > E (g) f^Ox > 

with exact rows, where the vertical arrows are the natural isomorphisms given by the pro- 
jection formula. Thus there is also an isomorphism ft.f*E = E ® f*Ox- Using [BHPVOH 
Lemma L17.2], which states that f^^Ox = ©"^q^-', one gets the second isomorphism. □ 

3.2 The morphism n: My My / {if) 

In this section we exhibit the morphism vr : My — ?• My / (ip) from Proposition 13.41 We start 
with the following definition: 

Definition 3.7. For a coherent sheaf E on Y the E-order of L is the number ord£;(L) := 
min{i en\E ^E®U}. 

Clearly 1 < ord£;(L) < n. 

Lemma 3.8. Let E be a coherent sheaf on Y . Then E L^ = E L^ if and only if 
ord£;(L)|(/c — j). In particular, the sheaves E ® L^ are pairwise nonisomorphic for < j < 
ord£;(L), and the number of nonisomorphic sheaves of the form E ® L^ with j £ Z is equal to 
ord£'(L). 

Proof. One has k — j = aord£;(L) + r for some a, r G Z with < r < ord£;(L), and 

E ® L''-^ ^E® ^aordE{L)+r ^ ^ ^ (_^ordB(L))a ^ ^ _E L^ 

Due to the minimality of ord£;(L) one has that E = E L^'j if and only if r = 0. Thus 
E ® L^ = E iJ if and only if r = 0, which is equivalent to ord£;(L)|(/c — j). □ 

Lemma 3.9. Let E be a coherent sheaf on Y . Then gcd(rrrkE) In particular, 

Proof. This follows from Lemma 13.81 with k = n and j = 0, and Lemma 13.21 with j = 
ord£;(L). □ 

As 1 < ord£;(L) < n for a coherent sheaf E on Y , the following definition makes sense: 

Definition 3.10. The My -order of a line bundle L onY of order n is the number oidMy {L) ■= 
lcm{ord£;(L) € N | [E] E My}, i.e. the least common multiple of all E-orders of L, where E 
runs through all sheaves with equivalence class in My. 
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Lemma 3.11. For all sheaves E with equivalence class in My one has that 



n 



gcd(n, rk E) 

and therefore 



ord£;(L) gcd(n, rkii^) 


ordMy {L) gcd(n, rk E) 


n 


n 



n 



gcd(n, vkE) . 

Proof. By Lemma 13.91 gcd(rI^rk_E) |o'^dg(-^)|^ ^ coherent sheaf on y. The first row now 
follows from the definition of the least common multiple, and the second is an immediate 
consequence. □ 

We are now ready for the main result on the first factorising morphisms vr : My — > My / (ip) 
of Proposition [ 



Proposition 3.12. Let Mk := {[E] G My \ ordE(L)|A;} for k £ N, and let j G N such that 
Mj ^ 0. 



1. ^{Mk) = Mk. 



2. 



ordAf, (L) 



3- 



gcd(n,r) 

3. Ifk\ ord Mj (L), then Mk Q Mj . 

4. Mj is the fixed point set of the morphismipm (composition of morphisms). In particular, 
it is closed in My. 

5. One has that M^ = My if and only i/ordMy 

In particular, Moi-dj^fy (l) = My, and ordMyi^) > ^ is minimal with this property. 

6. T,j := {[E] G Mj \ ords(L) 7^ ord^/^. (L)} = [J M^, and it is closed in 

gcdrn,r) WordMj (L),k^ordMj (L) 

Mj and My . 

7. Assume that My = My. Then the number of preimages under the quotient morphism 
it: Mj ^ Mj/{ip) o/7r([^]) with [E] G Mj is • 

Moreover, if Mj 7^ S j , then vr is an — : 1 covering branched along . 

Proof. 1. Let [E] G Mfc. Then ord^;^^^®™ (L) = ordij(L). Thus ip{[E]) G Mfc. 

2. For all [E] G Mj one has that ord£;(L)|j. By definition of the least common multiple, 
oi<lMj{L)\j. By Lemma[33I]gjg|^|ordMj(^)- 

3. Let [E] G My such that ord£;(L)|A;, i.e. [E\ G M^. By assumption, /clordjv/j (-^), and by 
item 2, ordM^.(L)|j. Thus ordij(L)|j, i.e. [E] G Mj. 

4. Let [E] G My. By Lemma[3^ordgfL)|7 if and only \i E = E^L®^ , and the morphism 
induced by ®L®^ is ip^ : My — t- My. Here we use that m| ^^^^^ by assumption, and 
gcd(n r) b' item 2. The fixed point set of an automorphism of a separated scheme is 
closed. 
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5. If ordMy (-^^)|^ then clearly ordE{L)\k for any [E] G My by definition, hence [E] G M^,. 
Conversely, if = My then ordM(-^)|^ by item 2. 

6. Let [E] G Mfc with /c / ordAf^.(L) and ^^s^\k\oTdM,{L). By item 3 [E] G M^-, 
and as ord£;(L)|A; one has that ord£;(L) < k < ordi/^. (L). Conversely, let [E] G Mj 
with ord£;(L) 7^ ordAfj(i). Clearly G M^^j-^^^^i^, and by Lemma [3.111 one has that 
^^g^|ordi,(L)|ordM,(^). 

is the union of finitely many subschemes that are closed in My by item 4 or 
because they are empty, hence T,j is closed in My, and thus also in Mj. 

7. The number of nonisomorphic sheaves of the form E^L^^ is ord£;(L) by Lemma [3. 81 As 
"^l gcd"n,r) by assumption and ^^g^^|ord£;(L) by Lemma[3?IIl one has that m|ord£;(L). 

Hence there are nonisomorphic sheaves of the form E (8> L®*^"*, and their classes 

are the preimages of vr. 

If Mj 7^ Sj, then Sj is a proper closed subset. By definition of Sj, for [E] G Mj\'Ej one 
has that ord£;(L) = ordMj(-^)- Therefore Mj \ T,j {Mj \ )/((/?) is an unbranched 

ordjvf • {L) ordjv/ . (L) 

— : 1 covering, and vr is an — : 1 covering branched along S,-. □ 

The statement we are most interested in is that if S := {[E] G My | ord£;(L) 7^ ordM* i^)} is 

ovdj^js (L) 

a proper subset of My then vr: My — ?> My/ {^) is an ^^^^ — : 1 covering branched along the 

closed subscheme S. This follows from the above Proposition 13.121 using j = ord^* {L). The 
case of a prime power covering ensures the assumption if My 7^ 0, as by Lemma [3 .111 ord (L) 
is a prime power as well and therefore there is an [E] G My such that ordM= {L) = ord£;(L). 
Thus we have the 

ordjYj^s (L) 

Corollary 3.13. Ifn is a prime power and My 7^ therm: My My/{ip) is an — : 1 

covering branched along the closed subscheme S := {[E] G My | ord£;(L) 7^ ordM|,(-^)}- 

3.3 Conclusions for the pullback morphism 

We now can give a description of the locus of stable sheaves becoming strictly semistable 
under the pullback morphism /* between the moduli spaces of sheaves. We still consider the 
situation of the beginning of Section [3] and have in mind the application to one of the cases 
in Example 13. 11 

Theorem 3.14. Let My C My{P) be a nonempty quasiprojective subscheme containing 
classes of stable sheaves of rank r such that the morphism ip : My — )• My induced by ®L®'^ 
for a suitable m \ is well-defined, let S := {[E] G My [ ord£;(L) 7^ ordMj(-Z>)}, and let 

/* : My — 7- Mx{nP) be the morphism induced by pullback by f . The following conditions are 
equivalent: 

1. ovdM^iL) = max{ord£;(L) | [E] G M^} = n; 

2. there is a stable sheaf of the form f*E for some E G My/ 

3. r(Mf \S) = r(M|.)nM^(nP)/0; 
.^. M^\S = (/*)-i(Mi(nP))/0. 
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Proof. 3 ^ 2 is trivial. 

2 1: A stable sheaf is simple, hence by Lemma r3.15l ordR(L) = n. In particular, ordM|, (L) > 
max{ordE(-L) | [E] G Mp} > n. As ord£;(L)|ordA/^(L)|n by Lemma [3.1H one has that 
n = oidupiL). 

1^4: By Theorem ES] one has {f*)-^{M^{nP)) C Mf. Thus we need to show that 
£' S if and only if f*E is stable for all E G My. Therefore let E G My, and assume that 
ordM^(-^^) = n due to item 1. One has that £' ^ S if and only if ord£;(L) = ordM^(-^^) = n, 
i.e. E ^ E L®^ for 1 < j < n. As E and E ® L are both stable and have the same 
(twisted) Hilbert polynomial, any nontrivial homomorphism is an isomorphism. Thus E ^ 
E (8) L®^ is equivalent to Hom.{E,E L®^) = 0. In particular, ord£;(L) = n if and only if 
Hom(£',£' L®^) = for 1 < j < n. By Lemma EE] below Yioiii{E,E ® L®^) = for 
1 < j < n if and only if f*E is simple. Finally f*E is simple if and only if it is stable by 
Proposition 12.61 On the other hand, the assumption ordMf (-^) = max{ord£;(L) | [E] G My} 
ensures that S / My. 

4 =^ 3: This follows by taking the image by /*. □ 
In the proof we used the following lemma, which will be useful more often. 

Lemma 3.15. Let E he a coherent sheaf on Y . Then f*E is simple if and only if E is simple 
and }iom{E,E L®^) = for 1 < j < n. In particular, in this case, E ^ E (S) L®^ for 
1 < j < n. 

Proof. There is a natural isomorphism Hom(/*ii', f*E) = Hom(ii^, f^f*E), and together with 
LemmalTHlone gets Rom{f*E, f*E) = e"~oHom(£;, E®L®^). The claim now follows because 
Hom(£;, / 0. □ 

Coprimeness of rank and n yield the simplest cases for the pullback morphism: 

Theorem 3.16. Let My C Mp(P) be a nonempty quasiprojective subscheme containing 
classes of stable sheaves of rank r and m\n such that the morphism ip: My My induced by 
iSiL®^ is well-defined, and let /* : My — )■ Mx{nP) be the morphism induced by pullback by 
f . Assume that gcd(n, r) = 1. Then vr: My — )■ Mp/{(p) is an unbranched — : 1 covering and 
r(Mf) CMj^(nP). 

If we are in one of the cases of Example \3.1\ then the morphism /* : My — )• Mx{nP) is 
^ : 1 onto its image. 

Proof. By Lemma 13.91 one has that ord£;(L) = n for all [E] G My and therefore oxdM^{L) = 
n. Thus S := {[E] G My | ord£;(L) ^ ordjv/" (-^^)} = 0, and by Proposition 13.121 tt is an 
unbranched ^ : 1 covering. As item 1 of Theorem 13.141 holds, item 3 of that theorem yields 
f*{M^) C M^{nP). 

If we are in one of the cases of Example 13.11 then by Proposition 13.41 the morphism 
My/((^) — )• Mx{nP) induced by /* is injective. Hence the composition My — > My / {^) 
Mx{nP) is ^ : 1 onto its image. □ 

4 Canonical coverings of surfaces 

In this section we apply our results to canonical coverings of surfaces, i.e. cyclic coverings 
given by a torsion canonical bundle. We start with some definitions in order to fix notations 
and conventions. 
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4.1 Notations and conventions 



Let y be a nonsingular projective irreducible surface over C, H an ample divisor on Y , and 
E a coherent sheaf on Y . We associate the element 

u{E) := (rkE, ci{E),x{E)) G K{Y) := No NS(y) Z 

of sheaf invariants to E. We avoid the elegant notion of a Mukai vector in favour of keeping 
torsion inside NS(y). For an element u := (r, c, x) £ ^0^) we define 



P(u) := r n 



c — r .Hn + X 



A(u) 
X{u,u) 

ru 



(? - 2rx + 2r^x{OY) - rc.Ky 
xiOyy - A(n) 
(r,/*c, deg/ x) 



If E satisfies u{E) = u, then, by Riemann-Roch, its Hilbert polynomial is P{u), its discrimi- 
nanl0 is A(u), u{f*E) = f*u and 



xiE,E) ■.= ^ext\E,E)=xii 



k=0 



where ext''{E,E) := dimEx.t^ {E , E) . We will also write hom(£^,F) := dimHom(£', F) for 
two coherent sheaves E,F. 



4.2 Symplectic moduli spaces and Lagrangian subvarieties 

We now restrict to canonical coverings, and thus assume that Y has a torsion canonical bundle 
Ky of order, say n. Let f: X —?■ Y he the covering given by Ky. Then Kx is trivial and 
either X is a K3 surface, Y is an Enriques surface and n = 2, or X is an abelian surface, Y 
is a bielliptic surface and n = 2, 3, 4 or 6, see e.g. |BHPV04] . 

As in Section [3] let u be the order of ci{Ky). If Y is an Enriques surfaces, one has that 
I' = n = 2 due to |BIIPV04l Proposition 15.2]. On the other hand, the situation for an 
elliptic surface Y is more complicated. By [SiiM §1] R'^{Y,Z) may or may not be torsion 
free depending on the type of Y. In particular, v may be smaller than n, and if H^(y, Z) is 
torsion free then ci{Ky) = and u = \. 

Let u := (r, c, x) S A(y), and let H and A be two ample divisors on Y . We will consider 
only Gieseker stability and {H, 74)-stability in the following, and for the latter we assume 
r > for simplicity, as is done in |Zowl21 Section 6]. Let My{u) be the moduli space of 
Gieseker H- or [H, ^)-semistable sheaves E with u{E) = u. It is projective and a subscheme 
of My(P(u)), hence the results of Section [2] apply. Moreover, by setting m := ^^^j^^ we are 
in the situation of Example 13. 11 3 with My = My{u). In case we need to distinguish between 
Gieseker stability and (ff, 74)-stability, we will use My-niu) and My-H,Aiu), respectively. 
Recall that My-H,H{'u) = My-niu). We denote the open subscheme of My{u) of stable 
sheaves on Y by My(ti) and the smooth locus of My(n) by My^^u). 

M^{f*u) is nonsingular, each connected component has dimension 2 — x{f*u,f*u) and 
it carries a symplectic form due to Mukai |Muk84| . 

^Be aware of different conventions of the discriminant's definition. 
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The morphism /* : My{u) — > Mxidegf ■ P) induced by the pullback by / which is de- 
scribed in Theorem 12.81 has image inside Mx{f*u). Thus we can replace Mx(deg/ ■ P) by 
Mx{f*u) in the results of Section [2] and consider /* as a morphism My(u) — > Mx{f*u). 

Proposition 4.1. The pullback of the symplectic form on M^{f*u) by the restricted mor- 
phism Mp^{u) n {f*)-^Mj^{f*u)) ^ M^{f*u) vanishes. 

Proof. This is proven in the proof of |Kim981 item 3 of the main theorem in §3], for X a 
K3 surface and ^-stable sheaves. His proof works as well for Gieseker stability and {H, A)- 
stability, and for X an abelian surface. □ 

Corollary 4.2. The restriction of the symplectic form on M^{f*u) to f*{M^{u))r\M^{f*u) 
vanishes. 

This leads to the question whether the subvariety f*{Mp^[u)) fl M^{f*u) is a Lagrangian 
subvariety of M^{f*u). Hence we need to calculate dimensions. 

Proposition 4.3. Let E be a coherent sheaf on Y with u{E) = u such that f*E is stable. 
Then E is stable, E E ® Ky for 1 < j < n and ext'^{E,E) = 0. My{u) is nonsingular in 
[E] of expected dimension 

dim£:My(n) = eyi\}{E,E), and 
dimf,EMx{f*u) = ext^{f*EJ*E) = 2-n + ndimEMY{u). 

In particular, one has that eyit^{E,E) = if and only if eyit^{f*E, f*E) = 0, and that 
dimj* E Mx{f*u) = 2 dim^; My (n) if and only if n = 2 or ex.t^{E, E) = 1. 

Proof. E is stable by Proposition 12.31 In particular, E is simple and by Lemma 13.151 one has 
E ^ E Ky for 1 < j < n. f*E is simple as well, thus by the following Lemma 14.41 

ext^ (/*^, /*£;) = 2 - n + n ext^(^,^) (1) 

and ext^{E, E) = 0. Therefore My (u) is nonsingular in [E] of expected dimension ext^(i?, E). 
As X is K3 or abelian, Mj^{f*u) is nonsingular of expected dimension 2 — xif*u,f*u) = 
ex.t^{f*E, f*E) as stated already above. Equation ([1]) yields the two equivalences, as ext^ is 
always nonnegative and n > 2. □ 

In the proof we used the following 

Lemma 4.4. Let E be a coherent sheaf on Y . Then 

ex.t^{f*E,f*E) = 2hom{f* E,f*E) - n {hom{E , E) + hom{E , E (S) Ky)) + n ext^ {E , E) . 

If f*E is simple, then ext^{f*E, f*E) = 2 - n + n ext^{E, E) , and ext^(E,E) = 0. 

Proof. We first prove that xif*E, f*F) = deg / x(-E') for two coherent sheaves E and F, 
which holds also if / is not cyclic and Y has higher dimension. If E is locally free, then f*E 
is locally free as well, and one has that 

x{f*E,f*F) = x{nom{f*E,f*F)) 
= x{rnom{E,F)) 

= deg / x{nom{E, F)) = deg / x(.E, F) , 
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where we used the canonical isomorphism f*T-Lom{E, F) = 'Hom{f*E,f*F) |Gro60| (6.7.6) 
and |Mum70l §12 Theorem 2]. HE is not locally free, consider a locally free resolution 
E, E, which gives a locally free resolution f*E, f*E, and use the additivity of x- Thus 
the above claim holds. As y is a surface, by Serre duality one has 

eict\rEJ*E) = hom{rEJ*E) + hom{rE,rE(^Kx) 

-n (hom(£;, E) + hom(^, E (g) Ky)) + n ext^ {E, E) 
= 2hom{f*EJ*E) - n {hom{E , E) + hom{E , E ® Ky)) + n ext^ {E , E) , 

whilst the last equation holds due to the fact that the canonical bundle Kx is trivial. 

If f*E is simple, then Lemma |3. 151 yields that E is simple and hom{E,E (g) Ky) = 0. Hence 

ext^{f*E,f*E) = 2-n + next^{E,E), 

and by Serre duality one has ext^ (£;,£;) = 0. □ 

The two main results of this section now are contained in the following Theorem 14.51 and in 
Theorem 14.61 

Theorem 4.5. Let Y be an Enriques or bielliptic surface, f : X ^ Y the covering given by 
the torsion canonical bundle Ky of order n onY , v the order ofci{Ky), u = (r, c, x) £ ^{Y), 
My{u) the moduli space of Gieseker or (H, A)-se'mistable sheaves E with u{E) = u and My (u) 
the open sub scheme of My(u) of stable sheaves on Y. Assume that there is a coherent sheaf 
E onY with u{E) = u such that f*E is stable and let S := {[E] G Mp{u) \ ordEiKy) ^ n]|l. 
Then 

1. Mp{u) \T, is a nonempty and nonsingular open subset of My^u), 

2. f*{M^{u) \ S) = f*{My{u)) n M^(rn), 

3. r(s)nM^(/*u) = 0, 

4- f* induces a " ^'^^J-'^''^^ i covering Mp{u) f*{Mp{u)) branched along S, and 

5. dim M|,(/*u) = 2 - n + n dim /*(Mf(u) \ S). 

In particular, f*(MY{u) \ S) is a Lagrangian subvariety of Mj^(f*u) if and only if n = 2 or 
dim/*(Mf (m) \E) = 1. 

Proof. A coherent sheaf E on Y with u{E) = u such that f*E is stable is stable itself by 
Proposition 12.31 In particular, Myiu) ^ 0. Let m — gcd{u r) the beginning of this 

section, where z/ is still the order of ci{Ky). Recall that we are in the situation of Example 
13.11 3 with My = My(u). Item 2 of Theorem 13.141 holds by assumption, hence its other items 
hold as well, where we replace Mx{nP) by Mx{f*u) as mentioned above: 

• The My-order of Ky (Definition I3.10p is n, 
. /*(Mf \ S) = f*{My) n Mi(/*n) / 0, and 

• \ S = (/*)-i(M|.(/*n)) / 0. In particular, /*(S) n M^{f*u) = 0. 
^See Definition im 
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Therefore items 1-3 of our claim hold. 

As all sheaves with class in f*{M^ \ S) are stable, Proposition 14.31 yields that \ S is 
nonsingular and dim M|- {f*u) = 2 — n + n dim(M* \ ^) • By Proposition 13.41 and Proposition 
13.121 item 7 with j = n the morphism /* induces a " g'^^('^''^) ■ i covering — )• f*{M^) 
branched along S. In particular, dim(M'^ \ S) = dim/*(M'^ \ S). 

By Corollary 14. 21 the restriction of the symplectic form on Mj^{f*u) to /*(M'^\S) vanishes, 
thus f*{M^ \ S) is a Lagrangian subvariety if and only if dimM|^(/*M) = 2dim/*(M'^ \ S). 
This is equivalent to n = 2 or dim/* (My (u) \ S) = 1 due to item 5. □ 

If f*{Mp{u)) C M^{f*u) — e.g. if gcd(n, r) = 1 (use Theorem [3.1 6 1) or if f*u is primitive 
and f*H (or f*A, respectively) is general (see the appendix) — and if Mp{u) is nonempty, 

then the theorem holds with S = 0. In particular, the covering My(n) — )• f*{MY{u)) is 
unbranched. 

If f*{MY{u))r\Mj^{f*u) = 0, i.e. if any stable sheaf becomes strictly semistable after pull- 
back, then this construction does not seem to yield any Lagrangian subvariety, as /*(My(n)) 
is outside the locus where the symplectic form is defined. 

Theorem 14.51 is concerned with the case that there is a coherent sheaf E on Y with 
u{E) = u such that f*E is stable. This means that in particular, E is already stable by 
Proposition 12.31 We now want to consider the opposite case, i.e. E is stable but for all such 
E the pullback f*E is not stable. 

Theorem 4.6. Let Y be an Enriques or bielliptic surface, f : X Y the covering given by the 
torsion canonical bundle Ky of order n onY, v the order of ci{Ky), u = (r, c, x) G ^(^); 
My{u) the moduli space of Gieseker or [H, A) -semistable sheaves E with u{E) = u and 
Mp{u) the open subscheme of My{u) of stable sheaves on Y . Assume that Mp(u) ^ and 
f*{MY{u)) n Mx{f*u) = 0. Moreover, let £ be the MY{u)-order of L defined in Definition 
UUk and m :— g^ij^j^ 0,8 in Example \&jJi 3. Then 

1. m < n; 

2. for all E G (n) one has that E = E®K\.; 

3. if n is a prime power then I ^ n and f* induces an ^ : 1 covering My(u) f*{MY{u)) 
branched along the closed subscheme T, := {[E] € Mp{u) \ ord^(L) 7^ i}. 

Proof. 1. Bv Lemma l3.9l m|ordR(L)[n for all [E] € My(ii). Assume that max{ord£;(L) | [E] £ 
My(u)} = n. Then i = n, and item 3 of Theorem 13.141 contradicts our assumption. 
Hence ord£;(L) < n for all [E] E Afy(u), and, in particular, m < n. 

2. This follows from the definition of the My(ti)-order of L. 

3. Let n be a prime power. By Lemma 13.111 £\n. thus ^ is a prime power as well, and 
therefore there is an [E] € My{u) such that i = ord£;(L). Assume that i = n. Then, 
as in item 1, item 3 of Theorem 13.141 contradicts our assumption. Hence I ^ n. The 
second statement is Proposition 13.41 together with Corollarv 13.131 □ 

If n is not a prime power, which means in our case that n = 6, it is not ensured that S is a 
proper subset. 
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4.3 Lagrangian subvarieties in irreducible symplectic manifolds 

We keep all assumptions. For n = v = 2, m. particular, for a K3 surface covering an Enriques 
surface, Theorem 14.51 immediately simplifies to 

Proposition 4.7. Let Y he an Enriques or bielliptic surface with torsion canonical bundle 
Ky of order 2 onY , f : X Y the covering given by Ky , u = (r, c, x) G ^0^)) My{u) the 
moduli space of Gieseker or (H , A)-se'mistable sheaves E with u{E) = u and Mp(u) the open 
subscheme of My{u) of stable sheaves on Y. Assume that the order of ci{Ky) is 2 as well 
and that there is a coherent sheaf EonY with u[E) = u such that f*E is stable. 

1. If the rank r is odd, then one has the following: 

a) Myiu) is a nonempty and nonsingular, 

b) f*{Mp{u)) = f*iMy{u))nMj,{f*u), 

c) f* induces an isomorphism My(n) f*{MY{u)), 

d) dimM|.(/*u) = 2 dim /*(Mf (u)), and 

e) f*{MY{u)) is a Lagrangian subvariety of M^{f*u). 

2. If the rank r is even and S := {£' € My(n) | E Ky = E}, then 

a) Myiu) \ T, is a nonempty and nonsingular open subset of Myiu), 

b) f*{M^{u) \ S) = f*{My{u)) n Mi(/*n) and n Mi(/*n) = 0, 

c) f* induces a 2 : 1 covering Myiu) f*{MY{u)) branched along S, 

d) dimM^{f*u) = 2dimf*{M^{u)\T,), and 

e) f*{MY{u) \ S) is a Lagrangian subvariety of Mjr[f*u). 

If f*u is primitive and f*H (or f*A, respectively) is /*n-general, then Mx{f*u) = M^{f*u) 
and S = also for even rank. Whenever My{u) is nonempty, it yields the Lagrangian 
subvariety f*{My{u)) in the symplectic manifold M^{f*u). Note that the latter is an ir- 
reducible (holomorphically) symplectic manifold if X is a K3 surface and, when considering 
{H, 74)-stability, if a numerical assumption on the invariants holds, see [Zowl2[ Corollary 6.7]. 
On the other hand, in the case n = v = 2, Theorem 14.61 simplifies to 

Proposition 4.8. Let Y be an Enriques or bielliptic surface with torsion canonical bundle 
Ky of order 2 on Y , f : X ^ Y the covering given by Ky, u = (r, c, x) ^ ^(^); My{u) 
the moduli space of Gieseker or (H , A)-semistable sheaves E with u{E) = u and Myiu) the 
open subscheme of My{u) of stable sheaves on Y. Assume that the order of ci{Ky) is 2 as 
well, that Mp{u) / and that f*{Mp{u)) D M^{f*u) = 0. Then the rank r is even, for all 
E € My(u) one has that E = E ® Ky, and f*\M^(u) ^-^ injective. 

Similar results have been proven by Kim in |Kim98j for /x-stable sheaves of positive rank 
on Enriques surfaces. 

As a first question one might ask when the assumption Mp(u) 7^ is satisfied. Recall that 
My (u) 7^ is a necessary condition also for Proposition 14.71 due to Proposition 12. 3[ A general 
case of odd rank sheaves has been considered in |Yos03aj . |Yos03al Theorem 4.6] implies that 
if Y is an unnodal Enriques surface, i.e. there is no — 2-curve, u is primitive with xi^, u) > —1 
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and H is li-general, then My.jjiu) is nonempty and irreducible. The assumption also implies 
that My-Hiu) = My.ffiu), i.e. there are no strictly semistable sheaves. 

If X is a K3 surface, then Pic°(X) = 0, and Mx{f*u) is an irreducible symplectic manifold 
if f*u is primitive and f*H is /*n-general (or f*A is /*n-general, respectively, and additionally 
the above-mentioned numerical condition holds). If X is an abelian surface, the situation is 
different: in order to produce higher dimensional irreducible symplectic manifolds one has to 
get rid of superfluous factors in the Bogomolov decomposition by taking a fibre of the Albanese 
map. Hence we will now fix the determinant of the considered sheaves and additionally reduce 
the moduli space to the kernel of a suitable summation map. 

Let y be a bielliptic surface and / : X — )• y the canonical covering. In particular, X is an 
abelian surface and / is cyclic of order n = 2, 3, 4 or 6. Let still H and A be two ample divisors 
on y, and we continue considering Gieseker stability and {H, A)-stability in the following. 

We associate the element 

w{E) := {rkE, det{E),x{E)) G A'{Y) := No © Pic(y) © Z 
of sheaf invariants to the sheaf E. We fix an element w := {r,d,x) £ ^'0^) ^^id define 

P{w) := r-^n^ + ci{d).Hn + x ■ 

If E satisfies 'w{E) = w, then its Hilbert polynomial is P{w). 

Let My{w) be the moduli space of Gieseker or j4)-semistable sheaves E with w{E) = 
w. It is projective and a subscheme of My{P{w)), hence the results of Section [2] apply 
again. Moreover, by setting m := g^.j"„ we are in the situation of Example 13.11 2 with 
My = My{w). In case we need to distinguish between Gieseker stability and {H,A)- 
stability, we will use My-h{w) and My-h,a{w)-, respectively. Recall again that My-h,h{w) = 
My;h{w). We denote the open subscheme of My{w) of stable sheaves on Y by Mp{w). 
M^{f*w) is nonsingular, each connected component has dimension —x{f*'w,f*w), where, of 
course, xii^^ d, a), {r,d, a)) := x{ii^,ci{d),a),{r,ci{d),a)) for {r,d,a) G A'(y). The morphism 
/* : My{w) Mx{degf ■ P{w)) induced by the pullback by / which is described in Theo- 
rem [22] has image inside Mx{f*w). Thus we can analogously replace Mx{degf ■ P{w)) by 
Mx{f*w) in the results of Section [2] and consider /* as a morphism My{w) Mx{f*w). 

Proposition 4.9. Let E he a coherent sheaf on Y with w{E) = w such that f*E is stable. 
Then E is stable, E E Ky for I < j < n and ext^(£', E)o = 0. My{w) is nonsingular in 
[E] of expected dimension 

diniEMYiw) = ext^{E,E)o = ext^{E,E) -I, and 
dimf.EMx{f*w) = ext\f*E,f*E)o = ext\f*EJ*E)-2 = ndimEMY{w). 

Proof By Proposition E is stable, E ^ E (gi K^. for 1 < j < n, ext'^iE, E) = and 

ext^{f*E,f*E) = 2-n + next^{E,E). (2) 

Hence, in particular, exi'^{E, E)q = 0. By [HLlOl Theorem 4.5.4] and its immediate generali- 
sation to {H, ^)-stability, My{w) is nonsingular in [E] and of expected dimension ext"'^(-E', E)o, 
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and Mx{f*w) is nonsingular in [f*E] and of expected dimension ex.t^{f*E,f*E)Q. By the 
formula after |HL101 Corollary 4.5.5] one has that 

ext^(£;,£;)o = x{Oy) -x(.E,E) =0-1 + ext^{E,E) -0 and 
ext\rE,rE)o = x{Ox)-x{rE,rE) = 0-l + ext\rE,rE)-l 

® n{ex.t^{E,E) -1) =nex.t\E,E)o. □ 

We can now adjust Theorems 14.51 and 14.61 to the modified situation: 

Theorem 4.10. Assume that there is a coherent sheaf E on Y with w{E) = w such that f*E 
is stable and let T, := {[E] G Myiw) \ ord^; (ii'y) ^ n}. Then 

1. Myiw) \ Ti is a nonempty and nonsingular open subset of Mp(w), 

2. riM^iw) \ S) = /* (My H) n M^^{f*w), 

3. f*{^)nM-^{f*w) = $, 

4- f* induces a gcd(n, r) : 1 covering Myiw) — ?> f*{MY{w)) branched along E, and 

5. dim Mj^{f*w) = ndim/*(M|-(u) \ S). 

Proof. The proof goes analogous to Theorem 14.51 using Proposition 14.91 instead of Proposition 
31 □ 



Analogously to Theorem 14.61 one proves 

Theorem 4.11. Assume that Mp{w) / and f*{Mp{w)) D M^{f*w) = 0. Moreover, let i 
be the MY{w)-order of L, and m := g^.j|^ as in Example \3.1\ 2. Then 

1. m < n and gcd(n, r) ^ 1, 

2. For all E G M^{w) one has that E = E®K^, and 

3. if n is a prime power then i ^ n and f* induces an ^ : 1 covering Myiw) f*{MY{w)) 
branched along the closed subscheme S := {[E] € Myiw) \ ord£;(L) ^ £}. 

Recall that if n is not a prime power, which means in our case that n = 6, it is not ensured 
that S is a proper subset. 

We want to reduce further, which needs some preparation. A short introduction to biel- 
liptic surfaces can be found e.g. in |BHPV04l V.5]. We need the following: Every bielliptic 
surface Y admits a finite etale covering B x C ^ Y factorising via X, where B and C are 
elliptic curves. Y = {B x C)/G, where G C C is a finite subgroup acting on B such that 
B/G ^ P^. One has that G ^ Z/(Z/n) x Z/(Z/m) with n stih the order of Ky and the 
possibilities m = 1 for any n, m = 2 if n = 2 or 4, and m = 3 only for n = 3. The generator 
of the group Z/(Z/n) acts on B by multiplication with g^vn/n^ generator of the group 

Z/(Z/m) (in the case m 7^ 1) by translation by some a £ B with certain properties, see e.g. 
|BHPVn4[ V.5]. The covering abehan surface is given hy X ^ {B x C)/z/(Z/m), and the 
group structure on B x G descends to the group structure of the abelian surface X. This 
group structure induces a summation map ^: CHo(X) — >■ X, where CHo(Ar) is the Chow 
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group of X. The second Chern class associates an element C2 i^) ^ CHo(X) to any coherent 
sheaf E on X. 

Recall that one considers the kernel Kxif*w) of the morphism 

Af*,,: Mxifw) ^ X, [E] ^ ^c^^^(S) 

in order to get rid of less interesting factors in the Beauville-Bogomolov decomposition of 
Mx{f*w). In particular, Kx-f*H{f*w) is an irreducible symplectic manifold if f*w is primi- 
tive, f*H is /*w-general and —xif*w,f*w) > 6 [YosOll Theorem 0.2]. As 

r(MyM) n Kxirw) = n{rr\Kx{rw))) , 

we are interested in Ky{w) := {f*)^^(Kx{f*w)) and the morphism Ky{w) — > Kx{f*w). 

For a sheaf class [E] G My{w) one has that c^^{f*E) = f*c^^{E). Let us write 
C2^{E) = aj[6i, Cj]y with Oj G Z, 6, € 5 and Cj G C, where [•]y denotes the image 
of • G -B X C under the quotient morphism B x C ^ Y . This enables us to calculate 

^c^^ifE) = ^rc^^iE) 

= '^'^aif*[bi,Ci]Y 

i 

n-1 

" '^0'i'^[p''bi,Ci + kg]x 

i k=0 

Enin — 1) 
ai[Q,nci H ^ g\x , 

i 

where [•\x denotes the image of • G i? x C under the quotient morphism B x C X. 
Therefore the image of Af*^ o f* is at most one-dimensional, and 

codimMy (w)Ky{w) = codimj,(My(«,))/*(-?^y (u;)) < 1. 

As the pullback of the symplectic structure to the smooth locus of My{w) vanishes by Propo- 
sition the corresponding restrictions to Ky{w) and to f*{KY{w)) vanish as well. We are 
interested in Lagrangian subvarieties of higher dimensional irreducible symplectic manifolds, 
so we assume now that n = 2, —x{f*w,f*w) > 6, f*w is primitive and f*H is /*it;-general. 
The codimension oi Kx-f*H{f*w) in Mx-j*H{f*w) is 2, hence intersecting f*[MY-H{w)) with 
Kx-j*H{f*w) has to reduce the dimension at least by 1, i.e. 

CO(l\mMy.„{u,)KY;H{w) = CodlUlf, (^My.hM) f* iKY;H (w)) > 1. 

Thus we have proven the following: 

Proposition 4.12. Let n = 2, i.e. the canonical covering of the bielliptic surface Y by the 
abelian surface X has degree 2. If f*w is primitive, f*H is f*w-general and —xif*w, f*w) > 

f* 

6, then the image of the morphism Ky;h{w) — > Kxj*H{f*w) is a Lagrangian subvariety. 
This result should generalise to {H, ^)-stability: 

Conjecture 4.13. Let n = 2. If f*w is primitive, f*A is f*w-general and —x{f*w, f*w) > 6, 
then Kx-f*H,f*A{f*w) is an irreducible symplectic manifold and the image of the morphism 
f* 

Ky;H,a{w) Kx;f*Hj*A{f*w) is a Lagrangian subvariety. 
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4.4 Examples 

As described so far, canonical double coverings produce Lagrangian subvarieties via pullback. 
There are basically two different cases to distinguish: odd and even rank. We expect that 
the moduli space of sheaves of odd rank on an Enriques or bielliptic surface Y behave like 
the rank 1 case. In particular, Yoshioka proved that MH{r,0,^) = HilbV(y) |Yos03al 
Corollary 4.4] for odd rank r and general H. As any moduli space of sheaves of rank 1 and of 
fixed determinant is isomorphic to a Hilbert scheme of points on the underlying surface, we 
have a look at these Hilbert schemes. 

The easiest case is the morphism /* : y — ?> Hilb^(X) induced by pullback by a canonical 
double covering /, which embeds an Enriques or bielliptic surface into the Hilbert scheme 
of 2 points of a K3 or abelian surface, respectively. More generally, one has the embedding 
/*: Hilb*(y) Hilb2*(X) by Proposition O item 1 (Enriques case) and Theorem I4.1UI 
(bielliptic case). First one might ask what is the geometry of Hilb*(y)? Oguiso and Schroer 
proved in |OSllj the following results: 

Theorem 4.14 ( \OETT\ 3.1). Let Y be an Enriques surface and m>2. Then 7ri(Hilb™(y)) 
is cyclic of order two, and the universal covering o/Hilb'"(y) is a Calabi-Yau manifold. 

Theorem 4.15 ( [OSllJ 3.5). Let Y be a bielliptic surface and m > 2. Then there is an 
etale covering H — >■ Hilb"^(y) so that % is the product of an elliptic curve and a Calabi-Yau 
manifold of dimension 2m — 1 . 

Thus the subvariety /*(Hilb*(y)) C Hilb^*(X), which is isomorphic to Hilb*(y), has the 
corresponding covering from the respective theorem above. We ask the following 

Question 4.16. How do these results of Oguiso and Schroer generalise to moduli spaces of 
sheaves? 

On the other hand, we expect that the moduli spaces of sheaves of even rank are less close 
to the Hilbert scheme case. Quite recently Hauzer established a connection between certain 
moduli spaces of sheaves of even rank and certain moduli spaces of sheaves of rank 2 or 4 
if the Enriques surface is unnodal |HaulOl Theorem 2.8]. Moreover, he described particular 
one-dimensional moduli spaces of rank 2 sheaves on Enriques surfaces: 

Theorem 4.17 ( [HaulO] 0.1). Let Y be an Enriques surface, and Fi and F2 the two multiple 
fibres of an elliptic fibration ofY. Then there exists an explicit class of polarisations H such 
that My-h(.2,Fi,1) ^ F2. 

Be careful that in Hauzer's notation, the last entry of the triple {2,Fi, 1) in his article is the 
second Chern class. However, in this case, Riemann-Roch yields x = 1 = C2, hence they look 
the same in our notation. 

This choice of invariants yields the morphism /* : My^^f (2, Fi, 1) — )■ Mx;/*_f/(2, 2), 
which maps F2 2:1 onto a Lagrangian subvariety L in the surface Mx;/*h(2, 2). 

As Hauzer explains in the proof of [HaulOl Lemma 1.1], Fi is indivisible in H^(y, Z)o, the 
torsion free part of H^(y, Z). The induced map /* : H^(y, Z)o H^(X, Z) is injective, hence 
f*Fi is primitive in f*(R'^{Y,Z)) C B.'^{X,Z). By [Naril85l Proposition 2.3] f*{'H'^{Y,Z)) is 
the +1 eigenspace of the covering involution and therefore a primitive sublattice of H^(X, Z). 
Hence f*Fi is primitive in H^(X, Z) as well. If we now choose H such that f*H is general, then 
H must already be general by Proposition 16.41 This ensures that we only have stable sheaves, 
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i.e. My;h{2,Fi,1) = Mf.^(2,Fi,l) and S := Mx-j*h{2, f* Fi,2) = M^.^.^(2, /*Fi, 2). In 
particular, S* is a projective K3 surface. 

Let us consider a general Enriques surface in the sense of |Nam851 Proposition 5.6], i.e. 
one has that /*(NS(y)) = NS(X). In particular, hyperplanes in NS(X) have hyperplanes as 
preimages in NS(y). Going through the proof of [HaulOi Lemma 1.1] one checks that under 
this assumption Hauzer's choice of H allows to choose H such that f*H is general as well. As 
Mx-fH(.2, f*Fi,2) = M^.j.h{2, 2), by Proposition O item 2 the morphism /* induces 
an unramified covering F2 ^ L of degree 2 and My-hC^, ^i,!) = F2 is nonsingular elliptic. 
Hence the Lagrangian subvariety L is a nonsingular elliptic curve as well by the Hurwitz 
formula. 

5 Outlook 

Although we have quite general results on the pullback morphism between moduli spaces, the 
application to particular situations is more interesting if one has relevant results at least on 
one of these moduli spaces. 

One classical example of a cyclic covering is the Godeaux surface covered by the Fermat 
quintic. However, not very much is known on the moduli space of semistable sheaves if the 
underlying surface is of general type. Results of Li [Li94| and, slightly generalised by O'Grady 
|0'G97j . show that in general the moduli space is of general type as well. General means in 
particular that the second Chern class of the sheaves is very large. 

There are some recent results by Mestrano and Simpson |MSllj on the moduli space 
My.0^(i)(2,ci(Ox(— with arbitrary x and y C P'^ a very general quintic surface. The 
choice of the first Chern class ensures that the four notions of Gieseker/slope (semi)stability 
coincide. By very general the authors mean smooth and at least that Pic(X) = Pic(P^) = Z, 
with further genericity conditions where necessary. 

Unfortunately the Fermat quintic is not very general in this sense. The article [Schll] 
contains plenty of concrete examples of quintic surfaces in P^. The Fermat quintic is contained 
as Example 3 and is shown to have Picard number 37. 



6 Appendix: General ample divisors 

In this appendix we recall the notion of general ample divisors and state two results concern- 
ing generality and pullback. 

Let the situation be as in Section HI The ample cone of Y carries a chamber structure for 
a given triple u = (r, c, x) £ ^(^) of invariants. The definition depends on r. In the case of 
r = 1 we agree that the whole ample cone is the only chamber. 

For r > 1, we follow the definition in |HL10l Section 4.C]. Let Num(y) := Pic(y)/ =, 
where = denotes numerical equivalence, and A := A(u) > 0. 

Definition 6.1. Let 

2 

W{r, A) := {i^ n Amp(y)Q j ^ G Num(y) with - jA < < 0} , 
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whose elements are called u-walls. The connected components of the complement of the union 
of all u-walls are called u-chambers. An ample divisor is called u-general if it is not contained 
in a u-wall. 

The set VF(r, A) is locally finite in Amp(y)Q by [HLlOl Lemma 4.C.2]. 
For r = 0, we follow the definition in [YosOU Section 1.4]. 

Definition 6.2. Let c^ be effective. For every sheaf E with u{E) = u and every subsheaf 
F C: E we define L := xiF)ci{E) — xiE)ci{F), and for L ^ we call 

Wl ■■= n Amp(y)Q 

the u-wall defined by L. The connected components of the complement of the union of all 
u-walls are called u-chambers. An ample divisor is called u-general if it is not contained in a 
u-wall. 

If r = = X then the notion of ff-(semi)stability for a sheaf E with u{E) = ti is 
independent of the choice of H and one cannot introduce the notion of a n-general ample 
divisor in this particular case. However, we can move away from this CcLSG, clS tensoring with 
the ample line bundle H yields the isomorphism My-h{0,c,x) — -^■K;//(0, c, x + c.H) . Thus 
one can assume without loss of generality that x 7^ when investigating the moduli spaces 
of one-dimensional semistable sheaves on a surface. 

Lemma 6.3. A(/*n) = deg/A(u). 

Proof Aifu) = {f*cf -2rdegfx + 2r^x{Ox)-rrc.Kx 

= deg / c2 - 2r deg / X + 2r^ deg / x(Oy ) - rf*c.f*KY 

= deg /(c^ - 2rx + 2r'^x{OY) - rc.Ky) = deg / A(n) □ 

Proposition 6.4. If f*H is f*u-general, then H is u-general. 

Proof. According to the definition of a general ample divisor, one has to distinguish by the 
rank r. 

1. Positive rank r >2, i.e. twodimensional sheaves: Let ^ G Num(y) with — ^A < < 0. 
Then f*^ G Num(X), and one has = deg / Hence 

-^deg/A<deg/^2 = (re)'<0. 

By Lemma ES] one has A(/*n) = deg/A(n), so /*^ defines the f*u-w8ll fl 
Amp(A:)Q. As f*H is /*'u-general, one has / f*Cf*H = deg / ^.H. Thus H is 
n-general. 

2. Rank r = with effective first Chern class c, i.e. onedimensional sheaves: Let E he a 
coherent sheaf with u{E) = u and F E such that L := xiF)ci{E) — xiE)ci{F) ^ 0. 
One has 

L := x{rF)ci{f*E)-xif*E)ci{f*F) 

= deg / x{F)f*ci (E) - deg / x{E)f*ci (F) = deg / f*L . 

As f*H is /*n-general, one has / L.f*H = deg f f*L.f*H = {deg f)'^ L.H. Thus H 
is u-general. □ 
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Lemma 6.5. // f*u is primitive, then u is primitive. 

Proof. Let u = muo with uq = (ro, Cq, xo) € M^) m G N. Then 



f*u = (mro,/*(mco),deg/ mxo) = rnfuQ. 
As f*u is primitive, one has m = 1, i.e. u is primitive. □ 
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